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Some figures are copied from the following book
« Géron - Aurélien Géron, Hands-On Machine Learning with Scikit-Learn, Keras, and TensorFlow, 3rd Edition, O'Reilly, 2022.

Some slides are adapted from Neil Zhang’s guest lecture slides



Linear Classification

<0 X,

2—x1—2x2=0 ®

e A linear boundary is a hyperplane, represented by a linear equation
wix+b=0

where w = [wy, ...,wg]T and x =[xy, ..., x4]". (Note the slight notation difference from our previous lecture)
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Linearly Separable Cases
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e Which hyperplane is a better classifier?
o Are there better hyperplanes?
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Maximize Margin

e Among all hyperplanes that separate > = Iris versicolor
the training data, find the one thatis 5 '] Iris setosa
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. 01 3 a3
e The closes training examples are Petal length

called support vectors. 2.0

e This makes a safe margin between
the two classes, hence is likely to
generalize to unseen test examples
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(Figure from Géron Figure 5-1)
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Let’s calculate the margin

Positive and negative support vectors
should be equally far from the hyperplane

_ WTxpos_sv + b = WTxneg_sv + b
Scaling w and b together does not change
the hyperplane!

— So we can scale them such that w’x +
b = +1 for support vectors
T

- w
Tk

— For x on the hyperplane, the projection is

Projection of x to w is

-b
wiz Y
Distance from x to hyperplane:

|w xX+Db]| |w xX+b]|
S lwll =

Iwll

— For support vectors, this distance is — o ”

— S0 margin is — ” ”
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(Figure from Support Vector Machine (SVM) basics and implementation in Python)
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https://www.reneshbedre.com/blog/support-vector-machine.html

Objective Function

2
Iwll

e Constraints: all training examples are outside the safe margin, i.e.,
y®(wlx™ +p) =1, vn € {1, ..., N}

. : : : ST | 2 1
e Maximizing margin IS equivalent to minimizing 5||w|| =sww

min 1 wlw (Primal Problem)

w

subject to: y(")(wa(") +b)=1,Yne(l,.. N}

e Minimizing Lagrangian function (primal function):
N
1
L,(w,b,a) = EWTW + 2 a, (1 — y®W (WTx(W + b))
n=1

where Lagrangian multipliers a,, > 0, and when y™ (wTx(™ + p) = 1, then a,, > 0.
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Dual Problem

e Dual function: L,(a) = r‘?’igl L,(w,b, a) (Skipping derivation)
N 1 N N 1
=) an—5 Uy Oy ™My M (x(")Tx(m)) =1"a — > a’ Qa
n=1 n=1m=1
G GO I C LY CO R COM I AR
where a = [a4, ..., ay]’, Q = : : is an
y My (D (V) (V) (N (W)
N x N symmetric matrix of inner products of training data! _
max 17 a — laTQa (Dual Problem)
a 2

Subject to: y'a =0
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SVM Solution

e Dual problem is quadratic programming, and it solves «,, for all n
— The n-th training example is a support vector if a,, > 0
— The n-th training example is not a support vector if a,, = 0

e Then solve w and b

N
W = z o,y ™ x® 2 a,y ™ x ™
n=1

x(Mesy
b =y — wlx(M vx(M c sy (the set of support vectors)
Take the average:

b=ﬁ Z <y(m)_ z anym)x(n)Tx(m))

x(Mesy x(Mesy
e The learned classifier only depends on support vectors!
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Inference Time

For test data x

Compute
wix+b
= Z C(ny(n)x(n)Tx + ﬁ Z <y(m) — 2 any(n)x(n)Tx(m)>
x(Mesy x(M)esy x(MWesy

It's all about inner products
— Between support vectors x(™ and test data x
— Between support vectors x™ and x(™)

Feature vectors do not appear alonel!
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Sensitive to Feature Scales
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(Figure from Géron Figure 5-2)
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Petal width

Sensitive to Outliers
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(Figure from Géron Figure 5-3)
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What if the problem is not linearly separable?

e |et's relax the margin requirement!
e Just implement the margin idea softly

e Soft Margin Classification

— Add slack variables ¢, o
N X
1
min-w'w + C €n
w2

n=1
subjectto:  y™ (wa(") + b) +e, 21
e, =0, Vvne{l,.. N},

— (C controls how much relaxation we want X1

(Figure from Using Support Vector Machines for
Survey Research | Published in Survey Practice)
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https://www.surveypractice.org/article/2715-using-support-vector-machines-for-survey-research
https://www.surveypractice.org/article/2715-using-support-vector-machines-for-survey-research

Soft Margin Classification

Petal width
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(Figure from Géron figure 5-4)

ECE 208/408 - The Art of Machine Learning, Zhiyao Duan 2026 13



Summary

e Linear SVM finds the hyperplane that leads to the maximal margin
between the two classes

e Soft margin classification allows margin violations, and this is
controlled by hyperparameter C

e Scikit implementation:
— https://scikit-learn.org/stable/modules/generated/sklearn.svm.LinearSVC.html
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https://scikit-learn.org/stable/modules/generated/sklearn.svm.LinearSVC.html
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